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N. MAY HAVE
A STRONG PARTITION RELATION

BY
SAHARON SHELAH'

ABSTRACT

We prove the consistency, with ZFC + G.C.H., of a strong partition relation of
N_, assuming the consistency of the existence of infinitely many compact
cardinals.

The Erdos-Rado theorem and related partition theorems (see Erdos, Hajnal
and Rado [3]) have been very useful. Unfortunately, the really good partition
theorems are true only for large cardinals. So a natural question is: what is the
best partition theorem which a small cardinal may satisfy? This may be a way to
give independence results (and usually V =L will give the negation).

In Shelah [8], answering a question of Erdos and Hajnal [1], [2], we gave such
a partition theorem for N,, which is consistent with ZFC + G.C.H. We ask there
whether a much stronger partition theorem is consistent too. We shall give here
a positive answer, but we use a stronger hypothesis (the consistency of ZFC of
the existence of N, compact rather than measurable cardinals).

On similar assertions proved in ZFC, see Erdos, Hajnal, Mate and Rado [4]
and Shelah [7].

NotaTioN. Natural numbers are denoted by k, [, m, r, ordinals by i, j, a, 8, v,
& { m, v, cardinals by A, k, i, x. We define 3,(A) by induction on a :34(A) = A,
and 3,(A) =35, 2% for @« >0. Let A<* =3, A"

If < orders A, BCA, CCA, a€ A then B<a means (Vx EB)x <a,
B < C means (Vx € B) (Vy €C) (x <y), etc.

Let [A]*={B:BCA, |B|=«}, [A]™*={B:BCA, |B|<«k}.

We define k™ for an infinite cardinal « and an ordinal «: if xk =N, then
k™ = Ngia
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We define: A — (u )y means that for any n-place function F from A to y, there
is B €[A]*, such that F has a constant value on all increasing n-tuples from B.

1. DEFINITION. (A;:£<8) has a (k(£):£ <@0)-canonical form for I'=
{F(i)e):i < a} [where x(i) is a non-zero cardinal, and 7(i) = (n,(i); - - -; m(i)),
n,,(i)= 0 and ¢(i) are natural numbers, and for each ¥ = (n,; - - -; n,) we denote
n(7) =i, m, k(F) =k, n.(F) = n..] if for every set A, (£ <8), |A;|= A (and
< well orders U, A, A <A, for £¢< 1) and functions f; (i <a), f; an
n(7(i))-place function from U, A, to x(i} there are B, C A,, | B;| = x(£) such
that for every i, f, is 7(u)’“-canonical on (B, : ¢ < 8). This means that when
&< <&ean<b,

a1 < < Auean € Bg‘, An i1 < 0 < Anyrapemera) € Bgz, etc.,

then fi(ai, -, aneuy) depends on &, -+, &, a1, * * *, @uay-ewy Only (and not on

An(igi))-€+15 " " "y an(v‘(i)))-

2. MaIN THEOREM. Assume ZFC+ G.C.H. is consistent with the existence of
infinitely many compact cardinals (we use much less).
Then ZFC+ G.C.H. is consistent with:

(Ni,iny: 1 < @) has (Riymy: n < w))-canonical forms for

F={n,n+1,---,mp""0""*":n =m < 0}

where kin)=n+5n/2+n+1, k,(n)=(n+5n/2+1.

The rest of the paper is dedicated to a proof, via forcing, starting with a model
V such that:

3. HypotHEesis. G.C.H. holds and there are compact cardinals Ny = ko < k; <
K< e <,

On forcing see e.g. Jech [5]. The proof proceeds via various claims and
definitions.

4, DeFiNmions.  Let D, (A, i, x) be the following filter:

(a) It is a filter over Inc(A, ) which is the set of increasing sequences of length
w of ordinals < A (if the universe V is not self-evident, we write Inc(A, u)¥).

(b) The filter is generated by the set of generators, where a generator is
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Ge(F) = Gea(F; A, p, X)
= {a € Inc(A, w):for some a < x for any i(0)< -+ <i(n-1)<u,
F(aioy, " " *, Gin-1) = a},

where F is any n-place function from A to y.

5. Ceam. (1) If x = x =" (which holds always for k = R,) then the intersection
of <« generators of D.(A, p, x) is a generator: hence the filter D,(A; u, x) is
K -complete.

(2) If A = (u); (the usual partition relation)'then D.(A, u, x) is a proper filter,
i.e., the empty set does not belong to it.

ProoOE. Trivial.

6. NotaTioN. Let E, be a normal ultrafilter over «, (exists because as k, is
compact, it is a measurable cardinal). Let I, = Inc(x."*", k') and J, = k. X I..
Note that D,.(x."*", k', k,) is a k,-complete (proper) filter (as x " = K.,
because . is compact, hence strongly inaccessible; and as G.C.H. holds,
Dy i(k7"0, k', ka) is a proper filter). So as k., is compact there is a k.-complete

+(n+1)

ultrafilter D% over I, extending D,..(x:""", k', k.). So
F.=E. xD(={ACJ. =k, XL {i<w.:{t€L:(i,t)EA}ED?}}isin E,}.

We call f: J, — «, regressive if f(a, t)[a < k, t € I,; more formally f((a, t))] is
an ordinal < a. We call it regressive on A if f(a,t)<a for {a,t)E A; and
almost regressive if it is regressive on some A € F,. We define, when f is
constant, constant on A and almost constant, similarly.

7. CraiM. Every almost regressive function f:J, — « is almost constant.

Proof. Let f be regressive on B € F,. Let B, ={t € I, :{a, t) € B}, so for
some B'C«k, B '€ E, and B, €E D% for a €B'.

Foreacha € B’,{A;: B <a}where A;={t €L, :f(a,t)= B} is a partition of
B. to |[a| <k parts. As D} is k-complete, B, € D%, for some 8 = h(a)<a,
AnayED?. So h is a regressive function on B'. Hence as B'€ E, and E, is
normal, there is y <k such that {« : h(a) = y} € E.. Trivially

{{a,t):f(a,t)=y}EE,xD%=F,

and of course f is constant on this set.
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+n+3,

8. THEFoRCING. Let P, be the Levi collapse of k..; to x."*; i.e., P, collapse
every A, k"' <A <Kn+1 to k", and each condition consists of k"' atomic
conditions of the form Hj(a)= B (A as above, a <k,"", B <A) (see e.g. [5]).

The order is inclusion. Let
plé={“Hia)=B":H(a)= B belongtop, A < ¢}
and A(p) = Sup{A : for some a, B, Hi(a) = B belong to p}.

Let P=1l,-,P. Let G CP be generic, G, =G NP, Let ¢, € P, be the
empty condition (so we stipulate n# m, ¢.# ¢.). We identify (p,, -, p.-1) €
M,zn Pe with Pos** *s Pu=ty Py Drsry** *) and pEP, with
(o, *, Dn1, D Bnsty Buszyt ).

As is well known the first w cardinals in V[G] are Ry = ko, &5, Ko, Ky, K1,
K12 KT, Koy K31, K32 K3 Kt Kyt Ky K KT KM K, tt . Also
V[G] satisfies G.C.H.

Let f be (in V[G]) a function from increasing finite sequences from K, to N,
such that for ap< -+ <ax <k;""', f(ao, " *,ax)<k. and w.lo.g. from the
value of f for (ao-:-,a) we can compute its value on any increasing
subsequence starting with a.

We have to prove that there are sets S, (n>0), S, C«x:"", |S.]=«}},
S. N k. =(J, and for every increasing sequence a, < * -+ < ax—; of members of
U.S., |S.N{ao,- -} is n+1 for no=n=n,, and zero otherwise, that
f(ao, - -+, ax-1) depend only on k and the truth values of “a, € S,”’. Moreover,
this is sufficient for proving the theorem.

So let f be a P-name of f, and p =(p,:n <w)E P. We shall find p’,
pP=p'€E P, and S, p'F, S, (n < w) are as required”. This clearly suffices.

9..CLaM. If A €EF,,\, Pian € P. for every (a,t)E A then there is BC A,
B €F,,, and q € P, such that:

*) forany (e, t)E B, punla =g,
hence
(%) foranyr,q=r€P, ifra(r)<a, {(o,t)EB

then p.., r are compatible.

ProoF. It is easy to prove (*) by the normality of F,, and () follows easily
by the definition of P..
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10. PrOOF OF THE THEOREM. We continue 8.
First, as each P, is « :“"?-complete, we can find p, = (p3, pS, - - * ), p = Po, such
that for each n:

(0) pol, “f I 2" is determined by forcing with Il P.”. So for some
I¢<. Pe-name f., pol- “flurD= fa”

Now we define by induction on k, a condmon P« ={po,pt, ), sets AtEF,
(¢ < w) and conditions g, € P, ({(a,t) € A, ¢ <w) such that:

(1) pe=p¢*i(in P.), AL CAL (o, 1) EAV. 2 ke < a;

() gian=qlas for (a, 1)E AL,

(3) P?=qlan, moreover p;=qnla (for (a,t)E A7),

(4) for any nk for some Il...P,-name f¥ for any (@..i,t.ri)E Aksy,
(Unszy trs2) E AX sy v o) {Qnsiy task ) E Aksx and ix;creasing sequences B... from
t.re of length n+ € +1for €=1,---k

+(n+1)

ptu U Ga,.en.0 IFp ““fOr any increasing sequence ¥ from «

.f(‘;" B"H’ Y B_rwk ) = I :(')-’)”

- k
(n0te that pk U Uf:l q(an+lv’n+l> = (p(‘;, ) p:‘l’ p:’ p:'H U q(an*l"n¢l)’ T pf‘*" U

Gionriineir Prsksts® "))
Fork =0.Let AX={a,0)€J,: U cnre <a <.},

qen=p% for {a,t)E A%,

For k +1. Let n < w, remember f%., is a II,<,P,-name of a function with
domain the increasing finite sequenc;s from «;{"” and range C x;"*? (except
on the empty sequence, which is immaterial). Remember that G.C.H. holds,
each «, is regular and I, Pe satisfies the k..;-chain condition.

So for each sequence @ = (ag,***, ), @0 < *+* < @ner < kay > there is a set
{(rs3, Y&), i <i(a)}, {ri: i <i(a)} a maximal antichain of Il,s.P,, vy < k;"*?

and riH“f xa(@)=1y7". We define an (n +2)-place function G¥ on «;\":
Ga(@)={ri, yi)i<i(a)}.

The range of G has cardinality = k.., (as i(a) < k. because II,<, P, satisfies
the k...-chain condition, and r§ € o<, Pe, [rxn Pr | = Knvr; Y5 < k102 < ks
and Kni'' = Knar).

Let B = {t € I..: G« has the same value on all increasing sequences of length

(n +2) from t}. By definition

+(n+2, +1 *
BEDn+1(Kn(»:l1 ), Kn+iy K,.+1)§D..+1-
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Hence B'={a,t)€J,..:t EB}EF,,,.
For every (a, 1) € A .1, choose an increasing sequence of length (n +2) from
t, B, and we can find q&, g, =qki € P,, and g%} force (¥, f X..(7°8): ¥ an

increasing finite sequence from «.""") to be equal to some Il,., P,-name f¢,,,

+(n+2)

(possible as P, is k."*P-complete). If (a,t)E B’ too, then the choice of B is
immaterial. Now by Claim 9, we can find A5liC B’'N Ak, as required, and as

+(n+2)

the number of possible fg.,, is =« we can assume f@,, = fx"' for every
(o, t)E AL,

This really finishes the proof.

We define A7= ﬂMA?, oy = Uk<mq£‘.,',> and ps=U,..pt for
(a,1)E€ A%. As each F, is k.-complete, A¢ € F,. It is also clear that p? € P, and
g € Pe for (o, 1)E A%,

Choose (ae, te) E A%, and let p' = (Glupups Giwrips " " *s Qiwerery " -+ ) and Sp = .. It
is easy to check they are as required.

ConNcLUDING REMARKS.  An alternative presentation of the proof is that, after
the collapse, the filter that D%., generates (over Inc(x;"", k') is still
Kkn+1-complete, and it has the ;" -Laver property, i.e., there is a family S of
subsets of I.., (€ V) which is «,"*?-complete (i.., the intersection of any
descending w chain of members of S is in S (or just contain a member)), is dense
(if ACI,I,—AZD?*, then A contains a member of S), and A ES—> A C
LAL-AZD7}..
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